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MUKAI DUALITY VIA ROOFS OF PROJECTIVE BUNDLES
MICHA L KAPUSTKA AND MARCO RAMPAZZO
Abstract. We investigate a construction providing pairs of Calabi–Yau varieties described
as zero loci of pushforwards of a hyperplane section on a roof as described in [Kan18]. We
discuss the implications of such construction at the level of Hodge equivalence, derived equiv-
alence and L-equivalence. For the case of K3 surfaces, we provide alternative interpretations
for the Fourier-Mukai duality in the family of K3 surfaces of degree 12 of [Muk98]. In all
these constructions the derived equivalence lifts to an equivalence of matrix factorizations
categories.
1. Introduction
The construction of non-isomorphic but derived equivalent pairs of varieties with vanishing
first Chern class has been object of a recent flurry of articles ([IMOU1606], [OR17], [BCP17],
[HL18], [KR18]) originated from the Pfaffian–Grassmannian equivalence [Rd98] and developed
alongside with the notion of phase transition of a gauged linear sigma model, a physical phe-
nomenon connecting separate theories via a process which has been mathematically described
by means of variation of GIT.
From a merely mathematical perspective, the existence of so-calledmultiple geometric phases led
to the construction of several instances of derived equivalence between non isomorphic varieties,
while the geometric description of many of such pairs allowed the establishment of L-equivalence,
which is a relation in the Grothendieck ring of varieties given by the difference of the classes
of such varieties annihilating a power of the class of the affine line, such as in [IMOU1606].
The interplay between derived equivalence and L-equivalence has been object of conjectures as
described in [KS16].
A recurring pattern emerges from some particularly symmetric examples ofD- and L-equivalence
constructions where the pair is defined by the two pushforwards of a hyperplane section of a
smooth Fano variety given by an incidence correspondence, along its two natural surjections.
An interesting natural setup arises from the roofs investigated by Kanemitsu in [Kan18]. In this
class lie, for example, the constructions of [IMOU1606], [KR18]. Moreover, these roof diagrams
are a natural setup for testing the DK conjecture of [BO02], [Kaw17].
In this paper, we investigate constructions of pairs of Calabi–Yau varieties emerging from roofs
from the point of view of Hodge equivalence, derived equivalence and L-equivalence. We first
describe a Hodge isometry at the level of middle cohomology which, for example in the case of
K3 surfaces, permits us to prove that the surfaces are derived equivalent but not isomorphic.
L-equivalence for the related Calabi–Yau pair is easily proven in all known cases, however a
general proof is missing.
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As a working example of the above construction we investigate the non-homogeneous case given
by the pair ofK3 surfaces cut out by sections of a twisted Ottaviani bundle on a five dimensional
quadric in P6: the sections describing the surfaces are pushforwards of a hyperplane section of
the projectivization of such an Ottaviani bundle. By means of this construction, we provide a
description of the general K3 surface of degree 12 projected to P6, and we give an alternative
formulation of the self-duality of the family of K3 surfaces studied already by Mukai in [Muk98]
and later in [IMOU1612] and [HL18]. This answers a question posed in [IMOU1612, Rem.4.2].
The paper is organized as follows. In Section 2 we recall the definition of roofs of Pr−1-bundles
given by Kanemitsu in [Kan18]. Therefore we present a construction to associate a pair of
Calabi–Yau manifolds to a hyperplane section in a roof X , and describe how such pairs should
be L -equivalent. In Section 3, given a roof X and a hyperplane M giving rise to a pair Y, Y˜ of
Calabi–Yau varieties, we construct two direct sum decompositions of the middle cohomology of
M containing the middle cohomology of respectively Y and Y˜ . Specializing this picture to pairs
ofK3 surfaces, we prove that the two direct sum decompositions of the middle cohomology ofM
provide a Hodge isometry between the transcendental lattices of the K3 surfaces. Hence, pairs
of K3 surfaces related by a roof are derived equivalent by the derived global Torelli theorem.
In Section 4 we introduce the pairs of K3 surfaces of degree 12 in P6 and prove that they are
pairs of general K3 surfaces of degree 12. Furthermore, we show that the general pair of K3
surfaces related by a roof is not isomorphic. We prove it by describing the action of the Hodge
isometry on the discriminant group of the transcendental lattice of such K3 surfaces. We study
the associated Fourier-Mukai kernel in Section 4.5, in light of the conjecture of Kuznetsov and
Shinder. In Section 5 we observe that the obtained derived equivalences lift to equivalences of
matrix factorization categories by means of an application of Kno¨rrer periodicity.
Acknowledgements. We are thankful to Atsushi Ito, Makoto Miura, Shinnosuke Okawa,
Kazushi Ueda and Akihiro Kanemitsu for giving interesting comments and corrections to the
first draft. Part of the work has been developed while the second author was at Institut de
Mathmatiques de Toulouse with Laurent Manivel, which also participated to the beginning of
the project, we would like to express our gratitude to him for many valuable insights. We would
also like to thank Claudio Onorati for clarifying discussions. The first author is supported by
the Polish National Science Center project number 2018/31/B/ST1/02857. The second author
is supported by the PhD program at the University of Stavanger.
2. Roofs and Calabi–Yau pairs
Definition 2.1. A simple Mukai pair (E , B) of dimension n and rank r is the data of a Fano
n-fold B of Picard number one and an ample vector bundle E of rank r such that:
(1) c1(E) = c1(B)
(2) PE admits a second Pr−1-bundle structure.
Definition 2.2. A roof of dimension n+ r− 1 is a Fano manifold X isomorphic to the projec-
tivization of a simple Mukai pair (B, E) of dimension n and rank r.
A Fano manifold X is a roof if and only if it has Picard number two, it admits two different
Pr−1-bundle structures and it has index r. Moreover, there exists a line bundle L on X which
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restricts to O(1) in all the fibers of both the Pr−1-fibrations [Kan18, Proposition 1.5].
Lemma 2.3. Let ξ be the class of L in H2(X,Z). Let furthermore h1 and h2 be respective
pullbacks of the hyperplane classes on the bases B1 and B2. Then there exists k ∈ Z such that
kξ = h1 + h2.
Proof. Note that by construction both the pairs (ξ, h1) and (ξ, h2) generate the Picard group
of X . If we hence write h2 = aξ + bh1 with a, b ∈ Z then b = ±1 by the fact (ξ, h2) generates
Pic(X). Since ξ meets general fibers of both fibrations in one point we have b = −1. 
Remark 2.4. Note that in all known cases Lemma 2.3 is true with k = 1.
Let us now introduce the following construction:
Definition 2.5. Let X be a roof of dimension n+ r− 1 and let (E , B), (E˜ , B˜) two Mukai pairs
such that X ≃ PE ≃ P˜E. We call Calabi–Yau pair related to the roof a pair (Y, Y˜ ) of Calabi–Yau
n− r–folds such that there exists S ∈ H0(X,L) yielding Y = Z(π∗S) and Y˜ = Z(π˜∗S).
The data of such Calabi–Yau pair can be summarised by the following diagram:
(2.1)
p−1(Y ) M p˜−1(Y˜ )
X
Y B B˜ Y˜
j
p|
p−1(Y ) p p˜
j˜
p˜|
p˜−1(Y˜ )
pi pi
Roofs have been partially classified by Kanemitsu [Kan18]. In particular, the classification
is complete for roofs yielding Calabi–Yau pairs of dimension d ≤ 2, for roofs of dimension
n+ r − 1 ≤ 7 and for roofs of P1-bundles.
Except for one specific case that will be discussed later, all known roofs are homogeneous vari-
eties. In fact, they are classified by the Lie algebra type of the automorphism group.
It is a natural question to ask whether every roof provides pairs of derived equivalent Calabi–
Yau manifolds. Such conjecture, which we state here below, is supported by several worked
examples, despite the lack of a general proof.
Conjecture 2.6. Let X be a roof as in Diagram 2.1. Then there exists a derived equivalence
DbCoh(Y ) ≃ DbCoh(Y˜ ), where Y and Y˜ are Calabi–Yau n − r-folds defined by pushforwards
of a smooth hyperplane section M ⊂ X.
Remark 2.7. The DK conjecture states that if two smooth projective varieties are related by a
flop, they are derived equivalent [Kaw17], [BO02]. This conjecture is particularly interesting if
we observe that the total spaces E∨ and E˜∨ are related by a flop. A positive answer to such
conjecture has been given for the roofs of type G2 by [Ued19], and for the roofs of type C2 and
A4 by [Mor18], but again a general proof of the validity of the DK conjecture for bundles related
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by a roof is missing.
The problem of finding a derived equivalence for the total spaces is strictly related to proving
that the Calabi–Yau zero loci are derived equivalent: in fact, one has the following diagram
(2.2)
O(−1,−1)
E∨ X E˜∨
Y ⊂ B B˜ ⊃ Y˜
f g
where f and g are blowups of respectively E∨ in B and E˜∨ in B˜, the bases are embedded in
the total spaces as zero sections. Then it is possible to write the derived category of the total
space of O(−1,−1) in two ways, each of them being a semiorthogonal decomposition containing
a twist of DbCoh(E∨) and a twist of DbCoh(B), or a totally similar decomposition on the other
side of the diagram. This picture mirrors the one given by Diagram 2.1: in fact, in the existing
worked examples, the strategy of the proof adopted for the total spaces is the same that has
been used for the zero loci (see for example the relation of [Mor18] with [KR18] and of [Ued19]
with [Kuz18]).
2.1. L-equivalence in the Grothendieck ring of varieties. We observe that the fibers of
the surjection p have the following description:
(2.3) p−1(y) ≃
{
P
r−1 if y ∈ Y
Pr−2 if y ∈ B \ Y
due to the fact that Y is the zero locus of the pushforward of S to B. Clearly, the same holds
for p˜, B˜ and Y˜ .
Let us consider the roof from the point of view of the Grothendieck ring of varieties. First
of all observe that the bases B and B˜ are stably birational i.e. by results of [LL03] have equal
class in the quotient of the Grothendieck ring by the ideal generated by the L.
However, if we assume the stronger condition thatB and B˜ have equal class in the Grothendieck
ring we get an interesting consequence, namely the difference of the classes of a pair of Calabi–
Yau varieties associated to the roof annihilates the r-th power of the class of the affine line.
Indeed, the map p is a piecewise trivial fibration. This is a consequence of the fact that
p−1(Y ) = P(E∨|Y ), and that p−1(B \ Y ) = P(E∨|B\Y /((π∗S|B\Y )⊗OB|B\Y )), the same holds
for π˜.
Now, let M be the hyperplane section of X defining the pair. Then we have the following two
descriptions of the class of M :
[M ] = [Pr−1] · [Y ] + [Pr−2] · [B \ Y ]
[M ] = [Pr−1] · [Y˜ ] + [Pr−2] · [B˜ \ Y˜ ]
By the relations defining the Grothendieck ring of varieties we have [B \Y ] = [B]− [Y ], and the
same holds for the second equation. Then, subtracting the two equations above, we get
0 = [Pr−1] · [Y ] + [Pr−2] · ([B]− [Y ])− [Pr−1] · [Y˜ ] + [Pr−2] · ([B˜]− [Y˜ ])
= ([Pr−1]− [Pr−2])([Y ]− [Y˜ ]) + [Pr−2] · ([B]− [B˜]).
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Given the identity
[Pk] = 1 + L+ L2 + · · ·Lk.
we have:
(2.4) ([Y ]− [Y˜ ])Lr−1 + [Pr−2] · ([B]− [B˜]) = 0
Remark 2.8. In most of the known examples of roofs, Equation 2.4 provides L-equivalence for
the associated Calabi–Yau pairs because the bases B, B˜ of the roof are isomorphic. This is
the case of roofs of type A2k, Dk and G
†
2. For the roof of type G2, it has been proved that
[B] = [B˜] = [P5] in [IMOU1606], and the L-equivalence follows.
3. Hodge structures
In this section we generalize the blow up formula for cohomology in order to compare Hodge
structures in the algebraic middle cohomologies of Calabi-Yau pairs associated to a roof.
3.1. Cohomological Cayley trick. Let X be a roof such as in Diagram 2.1 and let (Y, Y˜ ) be
a Calabi–Yau pair associated to a hyperplane section M . The scope of this section is to give a
dual description of the cohomology of M in terms, respectively, of the cohomologies of Y and
B and the cohomologies of Y˜ and B˜.
More generally, given a Mukai pair (E , B) and a hyperplane section M ⊂ X ≃ PE , we establish
the following diagram, which will be the setting of Theorem 3.1:
(3.1)
p−1(Y ) M X
Y B
q
j
p
pi
where p is a fibration such that:
(3.2) p−1(x) ≃
{
Pr−1 x ∈ Y
Pr−2 x ∈ B \ Y
and q is the restriction of p to the preimage p−1(Y ).
Theorem 3.1 (Cohomological Cayley trick). Let B be a Ka¨hler manifold, let E be a vector
bundle of rank r over B and X = PE. Then, given a hyperplane section M = Z(s) ⊂ X and a
section Y = Z(π∗s) ⊂ B, there exists an isomorphism of Hodge structures
(3.3)
⊕r−2
i=0 H
k−2i(B,Z)⊕Hk−2r+2(Y,Z) Hk(M,Z)∼
which acts on classes in the following way:
(3.4) x0, . . . xr−2, z p
∗x0 + p
∗x1 ∪ ξ + · · ·+ p∗xr−2 ∪ ξr−2 + j∗(p|p−1(Y ))
∗z)
where ξ ∈ H2(M,Z) is the restriction toM of the hyperplane class of X related to the Grothendieck
line bundle OX(1).
Proof. The theorem is part of mathematical folklore. Its proof is analogous to the proof of the
blow up formula contianed in [Voi10] and now contained in the recent preprint [BFM19]. 
6 MICHA L KAPUSTKA AND MARCO RAMPAZZO
3.2. The middle cohomology. Let us specialize to k = n + r − 2. Then Theorem 3.1 gives
the following morphism of middle cohomologies:
Hn−r(Y ;Z) Hn+r−2(M ;Z) ≃
⊕r−2
i=0 H
n+r−2−2i(B;Z)⊕Hn−r(Y ;Z)
j∗◦q
∗
Suppose B is rational. Then Hk(B;Z) is algebraic, and the only non-algebraic part of the middle
cohomology ofM comes from Hn−r(Y ;Z). Then, we claim that j∗◦q∗ preserves the cup product
in Hn−r(Y ;Z) and hence Equation 3.2 applied to both Y and Y˜ provides an isomorphism of
polarized Hodge structures between the transcendental parts of the middle cohomologies of Y
and Y˜ .
Lemma 3.2. The map j∗ ◦ q∗ of Equation 3.2 is a morphism of polarized Hodge structures.
Proof. We need to prove that, given two classes D1, D2 ∈ Hn−r(Y ;Z), they satisfy the equation
(3.5) (D1 ·D2)Y = (j∗q
−1D1 · j∗q
−1D2)M .
Let us work on the right hand side: by an application of the projection formula we have
(j∗q
−1D1 · j∗q
−1D2)M = j∗(j
∗j∗q
−1D1 · q
−1D2)p−1(Y )
Let us focus on the term j∗j∗q
−1D1: we can prove it to be equal to q
−1D1 · j∗[p−1(Y )]M where
[p−1(Y )]M is the class of p
−1(Y ) in H2r−2(M ;Z). In fact, for a class D ∈ H2(Y ;Z) we have
j∗j
∗j∗q
−1D = j∗(j
∗j∗q
−1D · [p−1(Y )]p−1(Y ))p−1(Y )
= (j∗q
−1D · j∗[p
−1(Y )]p−1(Y ))M
= (j∗q
−1D · [p−1(Y )]M )M
= j∗(q
−1D · j∗[p−1(Y )]M )p−1(Y )
Substituting this in the main equation we get
(3.6) (j∗q
−1D1 · j∗q
−1D2)M = j∗(q
−1D1 · j
∗[p−1(Y )]M · q
−1D2)p−1(Y )
The class [p−1(Y )]M ∈ H2r−2(M ;Z) can be described in terms of the class ξ of the Grothendieck
line bundle OPE(1) and the generators Ci of the cohomology ring of B as
[p−1(Y )]M = aξ
r−1 +
∑
biξ
iCi
with a, bi ∈ Z. Since the only contributing term of [p
−1(Y )]M in Equation 3.6 is aξ
r−1, the
proof reduces to showing that a = 1. This can be done observing that
a = Np−1(Y )|M |F
where F is the fiber of M over a point in Y , and it is isomorphic to Pr−1. By the following
sequence of normal bundles
0 −→ Np−1(Y )|M −→ Np−1(Y )|X −→ O(1, 1) −→ 0
and the fact that the restriction of Np−1(Y )|X to F is trivial, we get a = 1. 
The results of Theorem 3.1 and Lemma 3.2 apply for each side of a roof diagram like Diagram
2.1. In this context, provided that B amd B˜ are rational, we have the following isomorphism:
(3.7)
TY ⊕H
n+r−2
alg (M ;Z) TY˜ ⊕H
n+r−2
alg (M ;Z)
∼
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which determines a Hodge isometry TY ≃ TY˜ , where we call TY the transcendental part of the
middle cohomology of Y . In light of the derived global Torelli theorem for K3 surfaces [Orl97],
this Hodge isometry gives us information about the derived categories of pairs associated to a
roof with n− r = 2.
Corollary 3.3. Let (E , B) and (E˜ , B˜) be Mukai pairs of dimension r + 2 and rank r such that
B and B˜ are rational, let X ≃ PE ≃ PE˜ the associated roof and Y , Y˜ a Calabi–Yau pair defined
by a hyperplane section M ⊂ X. Then Y and Y˜ are derived equivalent.
Proof. Given the dimension and rank of the Mukai pairs, Y and Y˜ are K3 surfaces. By the
rationality of B and B˜ Equation 3.7 provides an isometry of transcendental lattices TY ≃ TY˜ .
This, in turn, by the derived global Torelli theorem [Orl97], proves that Y and Y˜ are derived
equivalent. 
Proposition 3.4. Let (E , B) and (E˜ , B˜) be Mukai pairs of dimension r + 2k + 1 and rank r
such that B and B˜ have no odd-degree integral cohomology, let X ≃ PE ≃ PE˜ the associated
roof and Y , Y˜ a Calabi–Yau pair defined by a hyperplane section M ⊂ X. Then there exists a
Hodge isometry H2k+1(Y ;Z) ≃ H2k+1(Y˜ ;Z).
Proof. In this setting, Theorem 3.1 defines the following isomorphism:
(3.8)
⊕r−2
i=0 H
2r+2k+1−2i(B;Z) ⊕H2k+1(Y ;Z) H2r+2k−1(M ;Z)∼
where all the summands H2r+2k+1−2i(B;Z) are trivial. Then the proof follows from Lemma
3.2. 
Remark 3.5. Proposition 3.4 applies to all known examples of roofs where n− r is odd. Indeed,
to the authors’ knowledge, in all the known roofs the bases B and B˜ are homogeneous varieties
and their cohomology is generated by Schubert classes.
4. K3 surfaces of degree 12
In the following section we will describe the only non homogeneous roof construction in the
list of [Kan18]. Such roof provides pairs ofK3 surfaces which are derived equivalent by Theorem
3.3.
4.1. Homogeneous vector bundles on the five dimensional quadric. Let Q ⊂ P6 be a
quadric hypersurface of dimension five, let S be its rank 4 spinor bundle. Ottaviani constructed
a 7-dimensional moduli space of rank 3 bundles G such that
(4.1) 0 −→ O −→ S∗ −→ G −→ 0
More precisely, there exists a moduli space isomorphic to P7 \ Q6 of rank 3 vector bundles G
with Chern class c(G) = (2, 2, 2), and those bundles are the ones satisfying Equation 4.1 [Ott88].
By the Borel–Weil–Bott theorem one proves that dimH0(Q,G(1)) = 41 and by the above we
have c(G) = (5, 9, 12). Hence a section s in such 41-dimensional vector space defines a K3
surface of degree 12 in P6.
It is known by [Kan17] that the projectivization of the Ottaviani bundle can be described
in the following way:
(4.2) PG = {(x, y) ∈ P(ImO)× P(ImO)|x · x = y · y = x · y = 0} := X
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This variety has two natural projections to the quadrics Q = {x ∈ P(ImO)|x · x = 0} and
Q˜ = {y ∈ P(ImO)|y · y = 0} leading to the following diagram:
(4.3)
X
Y Q Q˜ Y˜
pi pi
where both Y and Y˜ are K3 surfaces described as zero loci of (twisted) Ottaviani bundles G(1)
and G˜(1), and PG(1) ≃ PG˜(1) ≃ X .
Remark 4.1. Diagram 4.3 appears as the roof of type G†2 in the list of [Kan18], and it is the only
non homogeneous example of such construction. However, one observes that both the quadric Q
and the Ottaviani bundles are homogeneous. What fails to be homogeneous is the Fano 7-fold
X , which, in contrast with the other examples, is not a generalized flag. However, if we consider
the surjection from the G2 flag to the five dimensional quadric, we obtain the projectivization
of S∨, which admits a second projective bundle structure alongside with a surjection to the
G2-Grassmannian. This construction yields the roof of type G2 studied in [IMOU1606, Kuz18],
which gives derived equivalent but non isomorphic Calabi–Yau threefolds.
4.2. Degenerations of roofs. Note that when the Mukai pair moves in a moduli we get a
family of roofs. In this way one can also obtain degenerations of roofs which involve bundles
which are not necessarily stable. This is the case for instance in the followng context. Recall
the homogeneous roof of type D4.
(4.4)
XD4
Y Q6 Q˜6 Y˜
pi pi
Here Q6 and Q˜6 are six-dimensional quadrics representing spinor varieties OG(4, 8)± and XD4 =
OG(3, 8) = PQ6(S
∗(1)) = P
Q˜6
(S˜∗(1)) with S spinor bundles on the quadric. If we now twist
the sequence (4.1) we get
(4.5) 0 −→ O(1) −→ S∗(1) −→ G(1) −→ 0.
Considering the family of extensions between O(1) and G(1) we see the trivial extension O(1)⊕
G(1) as a degeneration of S∗(1). It follows thatXD4 admits a degeneration to XˆD4 = PQ6(O(1)⊕
G(1)). The latter variety is not a roof but admits two maps to bases being six dimensional
quadrics. A general hyperplane section of XˆD4 now gives rise to a K3 surface obtained as a
zero locus of O(1) ⊕ G(1) on a 6-dimensional quadric. In consequence the K3 is given as the
zero locus of the restriction of G(1) to a five-dimensional quadric Q5 obtained as a hyperplane
section of Q6. If we now consider the restriction of G(1) to the zero locus of a section of O(1)
we obtain the roof G†2. The latter roof is a subvariety of some degeneration of the roof of type
D4. Moreover the K3 surfaces related to this roof are degenerations of K3 surfaces related to
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XD4 . We however see in Subsection 4.3 that a general K3 surface of degree 12 appears also in
the degenerate description.
Remark 4.2. Note that we can further degenerate the G†2 roof using the exact sequence:
(4.6) 0 −→ C(2) −→ G(1) −→ O(2) −→ 0.
where C is the Cayley bundle on Q5. The zero locus of C(2) ⊕ O(2) is the intersection of a
del Pezzo threefold of degree 6 with a quadric. We can then consider the restriction of C(2) to
the zero locus of a section of O(2) which is just a complete intersection of two quadrics. This
is however not a roof as it does not appear in the classification of [Kan18]. The K3 surfaces
obtained in this way are also not general K3 surfaces of degree 12 as their Picard number is
≥ 2.
4.3. Completeness of the family. In the remainder of this section we prove that the family
of K3 surfaces described as sections of an Ottaviani bundle G(1) represent a dense open subset
of the family of polarized K3 surfaces of degree 12. In particular the general element of this
family has Picard number one. We then prove that the K3 surfaces related by the roof G†2 are
in general not isomorphic.
It is well known [Muk87] that a polarized K3 surfaces of degree 2g − 2 has an embedding
(defined by its polarization) in the projective space Pg. If we can prove that our degree 12 K3
surfaces in P6 form a 26-dimensional family up to automorphisms of P6, then our family can
be recovered by the complete 19-dimensional family in P7 by means of a projection from one
point. Since the general element of a complete family of K3 surfaces has Picard number one,
we conclude that the same holds for our family.
Lemma 4.3. Let Q ⊂ P6 be a five dimensional quadric hypersurface and G an Ottaviani bun-
dle on Q. If Y = Z(s) for s ∈ H0(Q,G(1)), then Y determines the section s up to scalar
multiplication.
Proof. Let us consider a K3 surface Y ⊂ Q and let G and G˜ be two Ottaviani bundles on Q,
such that there exist two sections s ∈ H0(Q,G(1)) and s˜ ∈ H0(Q, G˜(1)) with Y = Z(s) = Z(s˜).
Then we have the following diagram:
(4.7)
· · · G∨(−1) IY 0
· · · G˜∨(−1) IY 0
αs
β
αs˜
where the rows are given by the Koszul resolutions of IY with respect to the two sections. The
vertical arrow β exists because the map
Hom(G∨(−1), G˜∨(−1)) −→ Hom(G∨(−1), IY )
is surjective, and this last claim follows from the tensor product of G(1) with the Koszul reso-
lution of IY with respect to s˜.
Since the two sections s and s˜ in Diagram 4.7 define the same variety Y , the identity on IY lifts
to a homomorphism
G∨(−1) −→ G˜∨(−1).
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Since Ottaviani bundles are stable [Ott88], such map can be either zero or an isomorphism, so
we deduce that s and s˜ must be sections of isomorphic Ottaviani bundles. Hence the proof is
completed by observing that Hom(G,G) = C. 
Lemma 4.4. Let Y ⊂ Q be a K3 surface satisfying the hypoteses of Lemma 4.3. Then Y is
contained in a unique quadric in P6.
Proof. The proof follows from observing that the dimension of H0(Q, IY |Q(2)), where IY |Q is
the ideal sheaf of Y in Q. By the Koszul resolution of IY |Q and the relation G
∨ ≃ ∧2G(−2) we
find the following exact sequence:
0 −→ O(−3) −→ G(−2) −→ G∨(1) −→ IY |Q(2) −→ 0
and the desired result is obtained by an application of the Borel–Weil–Bott theorem. 
Proposition 4.5. The general K3 surface described as a zero locus of a section of G(1), where
G is an Ottaviani bundle, has Picard number one.
Proof. The space of sections of an Ottaviani bundle has dimension 41, and the moduli space
of Ottaviani bundles on Q is 7-dimensional. Since the action of AutQ = Spin(7) is transitive
on the moduli space of Ottaviani bundles, and a K3 surface Y ∈ Q determines the section, the
(projective) dimension of the family is given by:
40− 21 + 7 = 26
where 21 − 7 is the dimension of the space of automorphisms of Q fixing an Ottaviani bundle.
Hence, we conclude that the family we are describing is a family of K3 surfaces of degree 12 in
P
6. Since each K3 of degree 12 has a projective embedding in P7 a complete family of K3 of
degree 12 in P6 can be described by a 19+ 7 = 26-parameter space, via projection from a point
in P7. This proves that our family is complete, hence the general element has Picard number
one. 
4.4. Roofs of quadrics and non isomorphic K3 surfaces. Let us consider a roof X where
the bases of its vector bundles are smooth quadrics Q and Q˜, and the associated Calabi–Yau
pairs have dimension two. It is possible to have an explicit description of the intersection product
in H2ralg(M,Z), which determines the Gram matrix of the associated lattice. This provides an
argument to prove that the general pair of K3 surfaces arising from such roof is non-isomorphic.
Given a lattice R, let us call dR the discriminant group defined by the exact sequence
(4.8) 0 −→ R −→ HomZ(R,Z) −→ dR −→ 0.
The Hodge isometry of transcendental lattices TY ≃ TY˜ descends to an isomorphism of discrim-
inant groups dTY ≃ dTY˜ . The discriminant group of the transcendental lattice is isomorphic to
the one of the algebraic part, because we identified the transcendental lattice as the orthogonal
complement of H2ralg(M,Z) in H
2r(M,Z). Now, the isomorphism f : H2ralg(M,Z) −→ H
2r
alg(M,Z)
gives us the following diagram:
(4.9)
dH2ralg(M,Z) dH
2r
alg(M,Z)
dTY dTY˜
fd
g
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where all the arrows are isomorphisms. Let us suppose Y and Y˜ are isomorphic: then, according
to a theorem by Oguiso [Ogu01], the only automorphisms of the discriminant group of the
transcendental lattice of a K3 surfaces are ± Id, so we would expect g in Diagram 4.9 to be the
multiplication by either 1 or −1. This will be in contradiction with Theorem 4.6.
Theorem 4.6. Let X be a roof of type G†2 or D4, M ⊂ X a general hyperplane and Y, Y˜
the associated pair of K3 surfaces of degree 12. Then the isometry of transcendental lattices
TY ≃ TY˜ descends to the following isomorphism of discriminant groups:
(4.10)
dTY dTY˜
x 7x
g
Proof. Let us first illustrate the proof for the roof of type G†2, which is slightly easier because
of the simpler structure of the cohomology ring of the quadric, which is odd dimensional.
Let us call L ∈ H2(Q,Z) the hyperplane class of Q and ξ ∈ H2(X,Z) the class of the
Grothendieck line bundle OPG(1)(1). According to the isomorphism of Theorem 3.1, a basis
for H6alg(M,Z) is given by the classes L
3, L2ξ, Lξ2. In fact, such isomorphism maps the genera-
tor Li ∈ H6−2i(Q,Z) to Liξ3−i ∈ H6(M,Z) and, since Y has Picard number one, H2alg(Y,Z) is
generated by L.
Given ther Grothendieck relation on X :
(4.11) ξ3 − 5Lξ2 + 9L2ξ − 12Π = 0
we can write the intersection form of H6alg(M,Z):
Π L2ξ Lξ2
Π 0 1 5
L2ξ 1 10 32
Lξ2 5 32 82
This kind of description of the intersection form of H6alg(M,Z) can be also achieved applying
the isomorphism of Theorem 3.1 to the pair (G(1), Q˜), which gives the same intersection matrix
with L replaced by the generator L˜ of H2(Q˜,Z). Hence, we can construct a change of basis
matrix using the Grothendieck relation and the equation
(4.12) ξ = L+ L˜
The discriminant group of TY is isomorphic to the discriminant group of its orthogonal com-
plement H2alg(Y,Z) in H
2(Y,Z). Since H2alg(Y,Z) is the one dimensional lattice generated by
L with intersection matrix L · L = deg Y = 12, and since the cardinality of the discrimi-
nant group is equal to the absolute value of the determinant of the Gram matrix, we conclude
that dTY ≃ dTY˜ ≃ Z12. Moreover, for Lemma 3.2, the isomorphism of Theorem 3.1 yields
dTY ≃ dTM , and since dTM ≃ dH6alg(M,Z) it follows that dH
6
alg(M,Z) ≃ Z12.
We observe that x0 = (0, · · · , 0, 1) ∈ imφ, where
φ : Hom(H6alg(M,Z),Z) −→ dH
6
alg(M,Z)
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is the quotient map of Equation 4.8 for R = H6alg(M,Z).
By Equations 4.12 and 4.11 one can construct the change of basis explicitly. This change
of basis maps x0 to 7x0+ v, where v is a linear combination of the columns of the Gram matrix
4.4. Hence, the action of the isomorphism g on the discriminant group is the multiplication by 7.
Let us now focus on the roof of type D4. Here the K3 surfaces are zero loci of S∨(1). The
cohomology ring of a six dimensional quadric is slightly more complicated, since there exist two
disjointm families of maximal isotropic linear spaces Π1,Π2. They satisfy the following relations
in the cohomology ring:
L3 = Π1 +Π2, Π1 · L = Π2 · L, Π
2
1 = Π
2
1 = 0, Π1 · Π+ 2 = 1.
The isomorphism of Theorem 3.1, in this setting, allows us to construct a basis of the middle
cohomology H8(M,Z) given by the classes Π21L
2,Π21Lξ,Π1ξ
2,Π2ξ
2, Lξ3. The Grothendieck
relation is
(4.13) ξ4 − 6Lξ3 + 14Lξ2 − 14Π1ξ − 16Π2ξ + 12Π1L = 0
which yields the following intersection matrix:
Π1L Π1ξ Π2ξ L
2ξ2 Lξ3
Π1L 0 0 0 1 6
Π1ξ 0 0 1 6 22
Π2ξ 0 1 0 6 22
L2ξ2 1 6 6 44 126
Lξ3 6 22 22 126 308
The rest of the proof follows exactly as for the roof of type G†2: the relation ξ = L + L˜ define
a change of basis which induces an automorphism of the discriminant group acting as the
multiplication by 7.

4.5. Fourier–Mukai kernels. Let us consider a pair Y , Y˜ of K3 surfaces. Then, by the de-
rived Torelli theorem, they are derived equivalent if and only if there exists a Hodge isometry
of the Mukai lattice [Orl03].
Let us now specialize to a general pair of K3 surfaces which are dual in the sense of a roof of
type G†2. Then they are derived equivalent by Theorem 3.3 and, by the derived Torelli theorem,
it is possible to find an explicit expression of the Mukai vector of the associated cohomological
Fourier–Mukai transform. This, in turn, allows us to gain some information on the kernel of the
equivalence.
Let H˜(Y,Z)) be the Mukai lattice of Y . Then there exists a Hodge isometry
(4.14) θ : H˜(Y,Z) −→ H6alg(M,Z)
which can be explicitly described in terms of the set {Π, L2ξ, Lξ2} of generators of H6alg(M,Z).
In particular, it is possible to distinguish the image l of the divisor class of Y , which has self
intersection 12, and the the images v and w of the generators of H0(Y,Z) and H4(Y,Z), which
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are orthogonal to l and satisfy v · w = 1, v · v = w · w = 0.
Note that, a priori, unicity of θ is not obvious. However, one can use Lemma 3.2 to find
l = 18Π− 5L2ξ + Lξ2
and the choice of triples (v, w, l) with the above choice of l and the requored intersection form
is unique up to exchanging v with w and up to an overall sign.
Let us now consider the derived equivalence Φ : DbCoh(Y ) −→ DbCoh(Y˜ ) given by the isom-
etry TY ≃ TY˜ discussed in Corollary 3.3. Then , by [Orl03, Proposition 4.2.3], it induces an
isometry ιΦ : H˜(Y,Z) −→ H˜(Y˜ ,Z), and the image ιΦ(v) under such isometry is the Mukai vec-
tor of the kernel of the associated Fourier–Mukai transform. Moreover, there exists an isometry
f : H6alg(M,Z) −→ H
6
alg(M,Z) induced by the relation ξ = L + L˜ as discussed in the proof of
Theorem 4.6. Summing all up, we have the following commutative diagram:
(4.15)
H6alg(M,Z) H
6
alg(M,Z)
H˜(Y,Z) H˜(Y˜ ,Z)
f
θ
ιΦ
θ˜
where the vertical arrows are given by Equation 4.14. Then, we can find explicitly the image of
the generator of H0(Y,Z) under ιΦ by the composition θ˜
−1 ◦ f ◦ θ. By direct computation we
find the Mukai vector v(F) = u = (2, 1,−3).
Proposition 4.7. Let Y , Y˜ a pair of K3 surfaces of Picard number 1 defined by a hyperplane
section M of a roof of type G†2. Then Y˜ is isomorphic to the moduli space MY (u) of vector
bundles F on Y with Mukai vector
v(F) = u = (2, 1,−3).
We thus recover the well known Fourier-Mukai kernel yielding Mukai duality for K3 surfaces
of dergee 12 [Muk98]. This also gives an alternative proof of non-isomorphicity of Y , Y˜ .
Remark 4.8. It is tempting to extend this approach to the roof of type D4. However, instead
of the isometries θ and θ˜, one can construct isometries of H8alg(M,Z) with a lattice of rank 5
containing a hyperbolic lattice and the Picard lattice. This construction is highly non unique,
and it is not known, a priori, if a diagram such as 4.15 exists.
Remark 4.9. Recall that the Hodge isometry f induced by ξ = L + L˜ is not a specific feature
of roofs yielding K3 surfaces, though for higher dimensional examples such precise link with
derived equivalence is somewhat missing. However, exceptional collections of M are given in
terms of twists of exceptional collections of the bases B and B˜. The transformation L = ξ − L˜
applied on the Chern classes of exceptional bundles can shed some light on the Fourier–Mukai
kernel at the level of derived categories.
5. D-brane categories
Let us consider a pair Y, Y˜ of derived equivalent Calabi–Yau varieties related by a roof X .
By an argument based on Kno¨rrer periodicity and Landau–Ginzburg models, we show that
the derived equivalence DbCoh(Y ) ≃ DbCoh(Y˜ ) lifts to an equivalence of matrix factorization
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categories. Let us first recall some definitions, while for the general theory we refer to [RS17],
[Shi10].
Definition 5.1. We call Landau–Ginzburg model the data of:
(1) A stack X = [V/G] where V is a smooth quasi-projective variety endowed with the action
of a reductive group G and an R-charge C∗R ≃ C
∗
(2) A function w : V 7→ C called superpotential, which is G-invariant and has weight 2
with respect to the R-charge action
(3) −1 ∈ C∗R acts trivially on X
Definition 5.2. A graded D-brane on a Landau–Ginzburg model (X , w,G,C∗R) is a C
∗
R-equivariant
vector bundle F endowed with an endomorphism dF of C
∗
R-weight 1 such that d
2
F = w · IdF .
One can define a morphism of C∗R-weight 1
Hom (F ,G) Hom (F ,G)
φ dG ◦ φ− φ ◦ dF
d
which has the property d2 = 0. Then we can view (Hom (F ,G), d) as a complex graded by the
C∗R charge, and construct a dg-category MF(X , w), from which one can define a triangulated
category DMF(X , w) as a Verdier quotient with respect to a suitable subcategory of acyclic
objects. There exists a rich literature on this topic, the construction of DMF(X , w) has been
carried out in full detail, for example, in [Shi10].
Let us specialize to the case X ≃ E∨, where (E , B) is a Mukai pair such that E is a G-
homogeneous vector bundle on a smooth G-homogeneous variety B. Then, given a regular
section s ∈ H0(B, E), a natural choice for a superpotential is the function
(5.1)
V C
(b, v) v · s(b)
w
This function is G-invariant by construction, and it is always possible to define a C∗-action such
that it has weight 2, so that it fulfills the requirements of the definition of a R-charge.
In this setting, there exists a result called Kno¨rrer periodicity [Orl11], [Shi10] where an equiv-
alence between the derived category of the zero locus Y = Z(s) and the derived category of
matrix factorizations DMF(X , w) has been constructed:
Theorem 5.3 (Kno¨rrer periodicity). Let (X , w,G,C∗R) be a Landau–Ginzburg model and π :
E −→ B a vector bundle over a smooth variety, such that X ≃ E∨. Let p : π−1(Y ) −→ Y and
i : p−1(Y ) →֒ X . Then the functor:
i∗p
∗ : Db Coh(Y ) −→ DMF(X , w)
is an equivalence of categories.
Let us now consider a roof X ≃ PE ≃ PE˜ , where the vector bundles E and E˜ are respectively
G- and G˜-homogeneous. Then, if we call X := E∨, X˜ := E˜∨, fixing a section Σ ∈ H0(X,O(1, 1))
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we can construct two Landau–Ginzburg models (X , w,G,C∗R) and (X˜ , w˜, G˜, C˜
∗
R) where the su-
perpotentials are defined as in Equation 5.1 by the pushforwards of Σ to B and B˜. Then, if
Y, Y˜ are a derived equivalent Calabi–Yau pair defined by Σ, we establish the following diagram,
where all arrows are equivalences:
(5.2)
DMF(X , w) DMF(X˜ , w˜)
DbCoh(Y ) DbCoh(Y˜ )
Here the vertical arrows are given by Kno¨rrer periodicity.
For the roof of type A4, for every hyperplane section the authors constructed two Landau–
Ginzburg models as above, related by an explicit phase transitions described in in terms of
variation of GIT with respect to the action of a non Abelian group [KR18]. In this context,
the fact that the derived equivalence DbCoh(Y ) ≃ DbCoh(Y˜ ) lifts to an equivalence of matrix
factorization categories is physically motivated by the fact that D-brane categories of different
phases of the same gauged linear sigma model are expected to be equivalent, and such categories
of branes are mathematically described with the language of matrix factorizations. It would be
an interesting problem to establish a similar picture for other derived equivalent Calabi–Yau
pairs arising from roofs.
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